Supersymmetric Gauge-Higgs Unification is a well-motivated new physics scenario, both in heterotic model building and from the perspective of higher-dimensional Grand Unified Theories. When combined with radion mediated supersymmetry breaking, it allows for very specific predictions concerning the high-scale parameters of the MSSM. Using an appropriately modified version of a standard RGE evolution code (SuSpect), we derive low-scale predictions which can be tested at the LHC. The phenomenological success of our setting depends crucially on the 5d Chern-Simons term, which has not been used in previous, less encouraging studies of gauge-Higgs unification in supersymmetry.
Introduction
At the TeV scale, the familiar conditions for electroweak symmetry breaking and vacuum stability read: Renormalization group (RG) running must thus turn the equalities of (2) at the UV scale into the inequalities of (3) at the weak scale. A numerical analysis is required in order to find out whether this is possible at all and, if so, whether it is possible within a realistic model. This analysis has to take into account some additional predictions of 5d GHU models. In particular, there are strict relations between the Higgs mass parameters, the gaugino mass, and the dominant soft sfermion masses and trilinear couplings.
If the function Y H comes entirely from the gauge-kinetic term of the 5d super YangMills action, one finds Y H ∼ 1/(T + T ). In this case, the relations between the soft parameters turn out to be rather restrictive and a realistic low-energy spectrum cannot be obtained without extreme fine-tuning [18] .
If we also include a supersymmetric 5d Chern-Simons term and allow for a VEV of the chiral adjoint in the 5d gauge multiplet, an extra contribution ∼ 1/(T + T ) 2 to the function Y H (T, T ) arises [25] . The Chern-Simons term is generically present in a 5d super Yang-Mills theory compactified on S 1 /Z 2 , and its coefficient is determined by anomaly cancellation [26, 27] . It depends on the full field content of the model, which we do not fix completely. In particular, the fields of the two light generations can be distributed in various ways between bulk and branes. The prefactor of the 1/(T + T ) 2 -contribution to Y H depends on the coefficient of the Chern-Simons term and on the size of the adjoint VEV, which is also unknown. Hence we treat this prefactor as an extra parameter.
The main point of the present paper is to demonstrate that, allowing for this ChernSimons term contribution to Eq. (1), a completely realistic low-energy phenomenology can be obtained. This scenario is rather constrained since all MSSM soft parameters are given in terms of the VEVs of F T and F ϕ , a dimensionless parameter c characterizing the effect of the Chern-Simons term, and two mixing angles related to the 5d-origin of the thirdgeneration quarks and leptons. We analyze the low-energy phenomenology of this setting and discuss observational consequences for the LHC.
To this end, we numerically solve the renormalization group evolution of the MSSM parameters, with GUT-scale boundary conditions as determined by our GHU model. This procedure has been implemented within the public MSSM spectrum generator code Suspect 2.41 [28] . We perform two extensive parameter scans. The first one uses a rather crude estimate for boundary conditions in the sfermion sector. This is essentially a generalization of the analysis of [18] , now including the effects of a Chern-Simons term and using a state-of-the-art RG code. The second scan uses realistic boundary conditions, derived from the Burdman-Nomura model [12] . It is somewhat more involved because of the specific relations between 4d Yukawa couplings and fundamental model parameters.
In both cases we find regions of parameter space where all present experimental bounds are satisfied. In particular, we can have sufficiently high Higgs and sparticle masses to evade direct search bounds, comply with B-physics constraints on rare decays, and also obtain a neutralino as the lightest supersymmetric particle (LSP) with a dark matter relic density compatible with WMAP results. We conclude that SUSY gauge-Higgs unification with radion mediated SUSY breaking is indeed a phenomenologically viable scenario. We also point out some characteristic LHC signatures which seem to be typical for this framework.
The paper is organized as follows: In Section 2, we explain the appearance of the GHU relation, Eq. (2), in a large class of models. In Section 3, we present a concrete 5d model and give the formulas for the GUT-scale gauge-and Higgs-sector soft terms as functions of the model parameters. Section 4 contains a discussion of the expected RG running behaviour, particularly of m 2 3 , and of its consequences for identifying phenomenologically promising parameter space regions. We discuss our general setup for numerically analyzing the RGEs in Section 5. Assuming a simplified set of sfermion soft terms, we present a first such analysis in Section 6. We proceed in Section 7 by explaining how a fully realistic sfermion sector can be included in the analysis. The corresponding numerical results are presented in Section 8 and Conclusions are given in Section 9.
The origin of the GHU relation for Higgs mass parameters
In string-derived or orbifold GUT models, the MSSM Lagrangian will generically depend on several moduli fields. We focus on models where SUSY breaking is communicated to the MSSM predominantly through the moduli. Furthermore, we assume that the Kähler potential depends on the Higgs superfields H 1 and H 2 only in the combination H 1 + H 2 and H 1 + H 2 . This assumption will be justified momentarily for a certain class of models. The leading part of the Higgs action then reads
where Y H is some real analytic function of the moduli fields Z I .
In GHU models there is no superpotential contribution to the µ term. The Higgs mass parameters are therefore entirely determined by Eq. (4): For canonically normalized Higgs fields they are given by
These equations obviously imply Eq. (2).
2
If we start from a 5d model, it is straightforward to see why the Kähler potential always depends only on the combination H 1 + H 2 (and its complex conjugate): Recall that 2 Note the sign ambiguity in µ and Bµ: Simultaneously changing the signs of both µ and Bµ corresponds to a redefinition of one of the Higgs fields, say H 1 , by H 1 → −H 1 . The signs of the Yukawa couplings can be kept unchanged by an analogous redefinition of the right-handed matter fields it couples to. The overall sign of µ and Bµ cancels in the RGEs. Therefore, given a certain high-scale model, a simultaneous sign change in the last two lines of Eq. (5) will leave the absolute values of all weak-scale parameters unchanged, flipping only the signs of µ and Bµ at the weak scale. The convention that Bµ is positive at the weak scale then determines the signs in Eq. (5).
a generic 5d super-Yang-Mills theory contains, in terms of 4d superfields [29] [30] [31] , a vector superfield and a chiral adjoint Φ. The fifth component of the gauge field, A 5 , forms the imaginary part of the scalar component of Φ. In the 5d kinetic action, the chiral adjoint appears only in the combination Φ + Φ † [31] . The reason is that, in this combination, A 5 drops out of the lowest component of the real superfield Φ + Φ † , ensuring the absence of non-derivative couplings of A 5 .
3
The decomposition of the adjoint of the 5d gauge group G in irreducible Standard Model representations is vector-like and can contain pairs of weak doublets:
If this is the case, and if the zero-modes of these doublets in Φ survive compactification and GUT symmetry breaking, they can be identified with the Higgs fields H 1 and H 2 . It is then only the combination H 1 + H 2 which appears in the 4d Kähler potential.
Intriguingly, this peculiar combination of chiral superfields has also been found in heterotic E 8 × E 8 orbifold models, where no use of an intermediate 5d effective theory is made [19] [20] [21] . We briefly describe the situation following [20] : The Kähler potential can be expanded as
Here K, Y,Ỹ, Z are functions of the moduli, and A α and B β are matter fields transforming in the 27 and 27 of E 6 , respectively. Suppose that the MSSM Higgs fields H 1 and H 2 are contained in two such fields A and B. For the desired combination H 1 + H 2 to appear, one needs
Indeed, for untwisted matter fields A, B associated with a common complex plane, it was found that
where U and T are the complex structure and Kähler modulus of that plane. By contrast, for twisted matter fields, or for untwisted matter fields associated with distinct planes, or with a plane without U modulus, one has Z AB = 0.
We now argue that the above string-theoretic results are closely related to the previous 5d argument. Firstly, if A and B are associated with the same complex plane, one can take a 6d limit in which the two corresponding compactification radii remain large. In this limit, the fields A and B are the extra-dimensional components of the 6d gauge field. Secondly, the presence of a shape modulus U of the corresponding large T 2 allow for 5d limit, in which the compact space becomes an interval. Thus, the string-theoretic conditions which ensure that the combination H 1 + H 2 appears are precisely those which are needed for an appropriate 5d limit to exist. Even in regions of moduli space which do not correspond to that limit, the structure enforced by 5d gauge invariance survives. In other words, the simple 5d argument given earlier appears to be sufficient to understand the situation in heterotic orbifold models as well. It would be interesting to work this out in more detail, which is however beyond the scope of the present, mainly phenomenologically oriented paper.
As we have already emphasized in the Introduction, and as will become clear in subsequent sections, the 5d supersymmetric Chern-Simons term plays a central role in our analysis. Such a term cannot arise in the tree-level dimensional reduction of a theory with more than five dimensions. However, it is generically induced at one loop [32] . More specifically, the radiative generation of a Chern-Simons term in compactifications from 6d to 5d was discussed in [33] . Thus, the 5d Chern-Simons term is consistent with a 10d origin of the theory.
A concrete 5d realization
We now turn to the phenomenological prospects of concrete 5d models. Our main example will be a generalization of the SU(6) model of Burdman and Nomura [12] , with a larger gauge group containing at least U(6) = SU(6)×U(1). The 5d gauge theory is compactified on S 1 /(Z 2 × Z 2 ). The only relevant modulus is the radion superfield T = ρ + iB 5 + . . . , where B 5 is the fifth component of the graviphoton. The real part ρ is normalized such that 2πρ is the volume of the original S 1 . We assume that it is eventually stabilized at ρ = R. The Higgs doublets are contained in the superfield Φ = Σ + iA 5 + . . . (where Σ is the chiral adjoint of the 5d gauge multiplet, and A 5 is the fifth component of the gauge boson).
The U(1) gauge factor is assumed to be broken on the boundary. Furthermore, orbifold boundary conditions for the gauge fields can be chosen such [12] that the remaining SU(6) is broken in 4d to the Standard Model, 4 and that the only components of Φ with zero modes are the Higgs fields. Their origin is particularly obvious in the SU(5)-decomposition
of the adjoint of SU(6). Our fields H 1 and H 2 are the doublets contained in the 5 and 5 respectively.
Before orbifolding, the 4d effective theory contains the full gauge multiplet and chiral adjoint Φ as well as the radion T . The corresponding leading-order action, which has been analyzed in [29] , contains a term
Retaining only the Φ components that survive the orbifold projection, i.e. the Higgs fields, this becomes [18] S ⊃ 2πR g 2 5
Note that the coupling of T to the Higgs fields depends on the choice of Kähler-Weyl frame. We work in a frame where K = −3 log(T + T + . . .). The 4d metric has not been rescaled after compactification.
The 5d theory will in general also contain a Chern-Simons term. Its supersymmetrized version includes a cubic term in Φ, which couples to the radion according to [25] S ⊃ c πR 3
After orbifolding and allowing for a non-zero expectation value Φ = v 1 6 , this part of the Chern-Simons action contributes as
to the quadratic Higgs Lagrangian. 5 Here we have introduced the dimensionless constant c = 2cvg 2 5 . Note that the group U(6) = SU(6)×U(1), which we use here and below, is only the simplest extension of SU(6) allowing for an SU(6)-preserving Φ-VEV. 6 Larger and, in particular, simple groups, such as SU (7), are clearly possible.
We regard c as a free parameter for the purpose of our analysis: While boundaryanomaly cancellation fixes c for a given field content, we specify neither this field content nor the value of v. In particular, different distributions of the light generations between the two branes affect the value of c. However, positivity of the kinetic terms (given just below) leads to the constraint c > −1 .
The MSSM scalar potential for canonically normalized Higgs fields (which we also call H 1 and H 2 by abuse of notation) reads, at quadratic order,
The mass parameters m 2 i can now be calculated from the Higgs kinetic function
which follows from Eqs. (12) and (14) . According to Eqs. (5), the parameters µ and m
where we have introduced a parameter H = ±1 to account for the sign ambiguity in m 2 3 = Bµ and µ.
From the 5d gauge-kinetic and Chern-Simons action we obtain, after dimensional reduction,
5 Our Φ-VEV v = v 4d is a VEV in the 4d effective theory. It is related to the corresponding VEV v 5d of the underlying 5d theory by v 4d = (ρ/R)v 5d . Here the mass dimensions of the 4d and 5d scalar fields are the same since we assume that the complete leading-order 5d Lagrangian has a prefactor 1/g 2 5 . 6 The significantly more complicated case of SU(6)-breaking expectation values is considered in [25] .
which eventually gives the 4d gauge-kinetic term
It determines the gaugino masses
as well as the 4d gauge coupling
The soft masses and trilinear terms for the matter multiplets are more modeldependent. Quite generally the relevant piece of the kinetic action can be written as
The kinetic functions Y X (with X = U, D, Q, E, N, L standing for up-type and down-type right-handed quarks, quark doublets, charged and uncharged right-handed leptons and lepton doublets) determine the soft masses according to
The trilinear couplings are given by
Note that we define the A term with a negative sign in the Lagrangian:
The precise form of the matter kinetic functions depends on the model under consideration. We will assume throughout that the first two generations of MSSM matter are brane-localized and that their GUT-scale soft terms are negligible. This gives no-scale boundary conditions for the first and second generation. For the third generation, we will consider two cases: first the approximation that only the top quark receives a Yukawa coupling induced by the 5d gauge coupling, and second the case of the Burdman-Nomura model with realistic top, bottom and tau Yukawa couplings.
Expected running patterns
Before we present the numerical results, let us briefly discuss what general features we expect. Needless to say, the complete system of two-loop renormalization group equations (RGEs), which will be solved numerically in the following sections, is far too complicated to permit an analytical treatment. Some aspects can nevertheless be qualitatively understood by inspection of the dominant contributions to the one-loop RGEs.
The scale of electroweak symmetry breaking (EWSB) is defined as usual as the geometric mean of the stop masses, M EWSB = √ mt 1 mt 2 . At this scale the conditions of Eq. (3) have to hold. Once EWSB occurs, one finds the well-known relations between µ, Bµ = m 
We focus on the region of moderately large tan β, roughly tan β 5, to ensure that the tree-level bound on the lightest Higgs mass, m h ≤ M Z , is approximately saturated. The Higgs mass can then be lifted above the direct search limit by radiative corrections, mainly due to stop loops.
The latter involves a significant fine-tuning (the notorious MSSM "little hierarchy problem"), because the soft mass scale must be large compared to M Z instead of being of the same order of magnitude, which would be the natural situation. For sizeable tan β one has
so m 2 2 must be negative and small compared to typical soft masses. We will not discuss this fine-tuning any further (see however [34] ), but accept it and focus on the implications for models with GHU boundary conditions. One immediate consequence is that m 
However, as we will now argue, H is always determined by the sign of µ: Out of the four sign choices µ > 0 or µ < 0 and H = ±1, only two can generically lead to realistic spectra. To establish this observe first that m 2 1 will typically not evolve by more than a factor of 2 − 3, and therefore remains of the order of magnitude of the typical soft mass scale during RG running. Furthermore, we just stated that m 2 2 at M EWSB should be small compared to the typical soft mass scale, and that tan β should at least be moderately large. From all this it follows that Bµ at the EWSB scale should be small compared to the typical soft mass-squared scale as well, as can be read off from
(which is equivalent to the second line of Eqs. (29)). We will now show that requiring small EWSB-scale Bµ generically fixes H in terms of sign(µ).
The RG evolution of Bµ is primarily governed by the terms involving the top trilinear coupling and the weak gaugino mass:
We can choose positive gaugino masses without loss of generality. Let us now discuss the relevance of the two dominant terms on the r.h. side of Eq. (33):
The gluino contribution to the A t -RGE forces A t to run negative towards low scales. This is fairly universal, i.e. more or less independent of the values of the other parameters. The value of A t at any given scale is thus to a good approximation dictated only by its GUT-scale boundary value and M 1/2 . The running of gaugino masses is also approximately universal: at one-loop, they simply evolve according to the respective gauge coupling beta functions. In the RG evolution of Bµ, A t will therefore always dominate at low energies, when it has become large and negative and when also y t has grown large. Correspondingly, the M 2 term on the r.h. side of Eq. (33) can dominate only at energies near M GUT , before it is overwhelmed by A t .
For negative µ, Bµ initially increases from its GUT-scale value and then runs down; for positive µ, it evolves in the opposite way. The relative importance of the A t and the M 2 contributions is set by their GUT-scale initial values: the larger A t at M GUT , the longer it will take to run negative and to finally dominate the Bµ RG evolution. For small or negative GUT-scale A t , the Bµ running at low energies is more important than the initial, M 2 -dominated phase near M GUT .
The direction and slope of the running of Bµ are set by the sign and magnitude of µ, which itself does not run significantly as mentioned. We observed before that Bµ should be small at the EWSB scale -for the sake of the argument, let us try to construct a situation where it is exactly zero. It should in particular change significantly with respect to its initial GUT-scale value, so |µ| should be sizeable. Furthermore, changing the sign of µ will lead to Bµ evolving in the opposite way (at least as far as the evolution is governed by the terms in Eq. (33)). If there is a solution with, e.g., H = −1 and sign(µ) = −1, we therefore expect a nearby mirror solution for the opposite sign choice. On the other hand, changing only one of the signs will generically not lead to a solution due to the approximately universal behaviour of A t and M 2 . We have sketched this behaviour in Fig. 1 for large GUT-scale A t , and in Fig. 2 for small or negative GUT-scale A t .
Thus, while one might naively have expected four branches of solutions of the RGEs to give realistic spectra (corresponding to the two choices of each sign(µ) and of H ), by the above discussion there should in fact appear only two. Furthermore, we expect sizeable |µ| in all cases. 
Numerical analysis: General setup
For the numerical analysis, we make use of the public state-of-the-art SUSY spectrum code Suspect 2.41 [28] , appropriately modified to be applied to our SUSY GHU model. The usual procedure in Suspect and in other SUSY spectrum codes is to use tan β and M Z as inputs and to compute µ and Bµ from the EWSB condition Eqs. (29) . In our model, however, the Higgs soft masses and µ and Bµ are not independent, since they are related by the GHU conditions (31) at the GUT scale.
The free parameters in the gauge-Higgs sector of the model are actually F T /2R, F ϕ and c , from which the GUT-scale values for M 1/2 , µ, Bµ and m
are determined according to Eqs. (18) , (19) and (22) . Together with the GUT-scale values for the sfermion mass parameters and trilinear couplings, they furnish a set of GUT-scale boundary conditions for the MSSM renormalization group equations.
It is in principle possible to change the usual procedure of spectrum computation such that µ and Bµ become high-scale inputs, while tan β as well as M Z are output determined by Eq. (29) . We have implemented this scheme in Suspect 2.41; the requirement to find the correct experimental value of M Z , however, makes parameter scans very inefficient.
For the present analysis we have therefore chosen a different approach: We work with the conventional SUGRA scheme of Suspect 2.41, which takes tan β(M Z ) together with the GUT-scale values of all soft-breaking parameters except Bµ as input. We only modify this scheme by not specifying fixed GUT- (18), (19) and (22) .
A complication arises, however, from the sfermion sector. As discussed in Section 3, we assume no-scale boundary conditions, i.e. a common scalar mass m 0 ≡ 0 and a common trilinear coupling A 0 ≡ 0, for squarks and sleptons of the first two generations. The soft terms of the third generation, on the other hand, can be non-zero. To be more precise, they will depend on F T /2R and c (and possibly also on other model parameters) according to their kinetic functions. This requires an extra level of iteration in the spectrum computation.
It turns out to be convenient to let this iteration act on c . We thus start the procedure described above with an initial guess of c , which is kept constant until a first convergence of the spectrum is reached. This has the virtue that the GUT-scale sfermion soft masses are unambiguously fixed in terms of c , M 1/2 , and other input parameters (as will become clear once we describe how we are modelling the matter sector) so the EWSB scale does not change too much in each iteration step, which could lead to numerical instabilities. When convergence is reached, an updated value of c as computed from M 1/2 , µ and Bµ is taken as the new input c , and the whole procedure is iterated until c converges as well. To take into account the limits from direct SUSY searches at LEP [36] , we require mχ± 1 > 103.5 GeV and mẽ ,μ > 100 GeV. The limit on mτ 1 is parametrized as a function of mχ 1 as given by [36] ; in case of a stau LSP, we take mτ 1 > 94 GeV. For the light scalar Higgs, we apply the limits from LEP for the m max h scenario given in [37] , taking into account a ∼ 2 GeV theoretical error [38] . 8 We also take into account additional constraints from B-physics. For the branching ratio of inclusive radiative B decay, we use the experimental result BR(b → sγ) = (3.52 ± 0.23 ± 0.09) × 10 −4 from HFAG [39] , together with the SM theoretical prediction of BR(b → sγ) SM = (3. 
Results for simplified boundary conditions
Here we perform a first exploration of the parameter space using simplified boundary conditions in the matter sector according to [18] . More precisely, we assume that not only the first two generations but also the third-generation leptons and r.h. bottom are branelocalized. The top and l.h. bottom have a flat profile in the fifth dimension. The relevant kinetic functions then are
which leads to
and
The setup for the first parameter scan is therefore as follows:
• We vary M 1/2 from 100 and 1000 GeV and tan β from 2 and 20. (For higher values of tan β, the bottom Yukawa coupling would be no longer negligible.)
• We set m
; this requires the additional iteration on c as detailed in Section 5. All other sfermion soft terms are assumed to be zero at the GUT scale.
• We allow for all four sign combinations of sign(µ) = ±1 and H = ±1.
• (31) at M GUT .
• For each point that gives correct EWSB, we check the mass limits from LEP as well as the constraints from BR(b → sγ) and BR(B s → µ + µ − ) given in Section 5 Figure 3 shows the result of this scan in the tan β versus M 1/2 plane. As expected, correct EWSB is obtained only for two of the four possible combinations of sign(µ) and H . In particular, it turns out that the two signs need to be equal. This is a consequence of → sγ) ; the constraint from BR(B s → µ + µ − ) has no effect. The remaining big full points are phenomenologically viable. The different colours denote the nature of the LSP: red for a neutralino, blue for a selectron 10 , and green for a stau LSP. As one can see, most of the parameter space features a neutralino LSP, which is interesting in point of view of dark matter.
11 As anticipated in Section 4, |µ| turns out to be large throughout the parameter space. Numerically we find |µ| ∼ (2.5 − 3.5)M 1/2 for µ > 0 and |µ| ∼ (2.5 − 4)M 1/2 for µ < 0; in both cases the values at the high end are obtained for larger tan β. Theχ Fig. 4 . We observe that for both, µ < 0 and µ > 0, there is a strong correlation between F ϕ and F T /2R, with roughly F ϕ ∼ 3 × F T /2R. This comes from setting A t = M 1/2 , which enforces H = sign(µ). It translates into a large value of F ϕ , because
from Eq. (18) . Nevertheless F ϕ is small enough so that contributions from anomaly mediation, being O(F ϕ /8π 2 ), can safely be neglected.
It is particularly interesting to note that we find no valid spectra for which c = 0. This also holds when considering points excluded by LEP constraints. In this sense our analysis 10 Selectrons and smuons are taken to be mass-degenerate. Here and in the following we only refer to selectrons for simplicity, implicitly meaning "selectrons and smuons".
11 Alternative dark matter candidates would be gravitino or axino. A rough estimate for a no-scale radion Kähler potential K = −3 log(T + T ) gives m 3/2 > |F T /2R|, while mχ0 1 0.4 M 1/2 . In this case a gravitino LSP is only possible for c < −0.6, which does not occur in our analysis. Moreover, we expect other contributions from hidden sectors to further increase m 3/2 . An axino LSP is a valid option, but leads to a very different phenomenology, beyond the scope of this paper. confirms the result of [18] , who did not include the effects of a Chern-Simons term and consequently did not find any viable parameter regions, except for extremely unnatural values for the gaugino masses far above our scan limits. At the same time it is important that c , which is an O(1) parameter, never becomes large.
Implications for collider phenomenology can be deduced from Fig. 5 , which shows the neutralino and slepton mass spectrum in the neutralino LSP region. We see that the secondlightest neutralinoχ ), are always heavier thanẽ R,L andτ 1 (with the exception of a few points at µ < 0 which have mẽ R > mχ0 2 > mẽ L ). Note the clear separation of the selectron masses with mẽ L < mẽ R for µ < 0, while for µ > 0 we have mẽ L ∼ mẽ R . The squark and gluino masses are not shown, but they are roughly mq ∼ mg ∼ (2 − 3)M 1/2 . At the LHC, squarks and gluinos will hence be produced both asqq orgg pairs, and inqg associated production. Their decays arẽ
, as in the mSUGRA scheme with large |µ| [44] . Moreover, the decaysχ
1 are always open and together have about 50% branching ratio; the other 50% go into neutrinos. This leads to the gold-plated same-flavour opposite-sign (SFOS) dilepton signature at the LHC [45] , which allows to reconstruct sparticle masses. Furthermore, the decay of the lighter chargino always leads to a charged lepton,χ The scenario becomes even more predictive if we require that the neutralino LSP have a relic density in agreement with cosmological observations (assuming standard cosmology). Imposing the 3σ upper bound from WMAP5, Ωh 2 < 0.1285, constrains M 1/2 390 GeV with tan β 11 for µ > 0. For µ < 0, it gives an upper limit on M 1/2 which increases with tan β, from M 1/2 312 GeV at tan β = 12 to M 1/2 920 GeV at tan β = 20. The reason is that the LSP is almost a pure bino and has a small pair-annihilation cross section (s-channel Higgs exchange is not efficient in this scenario); in order to have a small enough relic density, the LSP needs to co-annihilate with another sparticle which is close in mass, typically the next-to-lightest SUSY particle (NLSP). This constrains the scenario to the region of small NLSP-LSP mass differences near the boundary to the slepton LSP region, which is realized for µ < 0 up to large M 1/2 (depending on tan β), but for µ > 0 only at small M 1/2 , cf. Figs. 3 and 5 . Note, however, that this is a direct consequence of the simplified assumptions for the matter sector.
Realistic sfermion soft terms
In this section we explain how improved sfermion soft terms can be obtained if we model the matter sector as in the Burdman-Nomura model [12] . The third generation matter fields arise from the mixing of brane and bulk fields. Bulk fields with flat profile have Yukawa couplings determined by the 5d gauge coupling. Non-trivial bulk profiles cause a reduced overlap with the Higgs wave function and hence smaller Yukawa couplings. Thus, using both bulk masses and mixing angles we can obtain realistic values for y t , y b and y τ .
For the third generation quarks in particular, we introduce a 5d bulk hypermultiplet {U, U c } in the 20 of SU (6) containing as 4d zero modes the right-handed top quark superfield and a weak doublet, and another bulk hypermultiplet {D, D c } in the 15 containing the right-handed bottom quark and a second doublet. We give these fields bulk masses M u and M d . Furthermore, brane-localized superfields must be introduced to decouple unwanted massless fields. They couple to the doublet components of both the U and D fields, leaving a single massless quark doublet instead of the two we were starting with. This effect is parametrized by a mixing angle φ Q .
Similarly, leptons descend from two 5d bulk hypermultiplets, {E, E c } in the 15 and {N , N c } in the 6. In analogy with the quark sector this leads to three more model parameters, two bulk masses M e and M n and a mixing angle φ L . For details of the model, in particular for the proper choice of boundary conditions, brane fields and bulk-brane couplings, we refer to [12] .
The kinetic functions are computed by integrating the zero-mode profiles over the fifth dimension, replacing its radius R by (T + T )/2. This gives
The kinetic functions for the lepton sector are obtained in the same manner, and are given by the same expressions with the obvious parameter replacements. The soft masses and A-terms are then derived from Eqs. (25) - (27) . We refrain from giving closed-form expressions for them, since these are rather cumbersome and not very illuminating.
The parameters M u , M d , M n , M e , φ Q and φ L cannot be chosen entirely freely, because they also have to account for the proper physical values of the Yukawa and gauge couplings.
Since the Higgs wave function normalization is just given by Y H = 1/g 2 4 and in particular is independent of c , the relations given in [12] apply:
In the numerical analysis, in order to avoid additional model dependence from the unknown neutrino sector, we will assume that M n is large enough not to contribute to the stau soft terms. We also introduce a Majorana mass term for the right-handed neutrinos on the y = 0 brane as in [12] . Since M n is large, the neutrino wave function will be strongly localized towards the y = πR brane, resulting in an exponentially suppressed Yukawa coupling and a doubly exponentially suppressed Majorana mass. The suppression factors will cancel out in the see-saw formula for the lighter neutrino mass eigenstate, leading to the same lighter neutrino mass as in the standard see-saw mechanism. The heavier neutrino mass, on the other hand, will be lowered by a factor ∼ e −4πR|Mn| with respect to the GUT scale. This may be beneficial for leptogenesis [46] .
It is instructive to see how Eq. (40) constrains the possible ranges of squark soft terms. In the remainder of this section we will therefore give some estimates of the bounds on the squark masses and trilinear couplings.
For tan β ∼ 5−50, the relevant GUT-scale Yukawa couplings take values 0.5 y t 0.6 and 0.02 y b 0.3. We also know that the gauge couplings unify at g 4 ≈ 0.7.
To reproduce the top Yukawa coupling, we must have tan φ Q 1 by Eq. (40) . The small ratio y b /y t can then be generated either by choosing tan φ Q to be large, or choosing |M d | > |M u |, or by a combination of these. The relation between M u , M d , φ Q and the Yukawa couplings is illustrated in Fig. 6 . We note that for given y t and y b , the allowed range for the mixing angle φ Q is
For estimating the size of the squark-mass parameters, let us consider two limiting cases:
• If the difference between y t and y b is mainly due to the different bulk masses, then tan φ Q ≈ 1. This corresponds to the far left region of Fig. 6 . In that case sin Φ Q ≈ 1/ √ 2 already accounts for the ratio y t /g 4 ≈ 0.7 in Eq. (40) . The top Yukawa coupling should thus not receive much additional suppression from large bulk masses, hence we need |M u | 1/R. Expanding Eq. (37) and retaining only the leading term, we reproduce Y U 3 as in Eq. (34):
On the other hand, R|M d | must be sizeable to obtain an appropriately suppressed y b , cf. turns out to be
12 Note that our conventions for φ Q and φ L slightly differ from those of [12] . Finally, the quark doublet soft mass-squared m
• If tan φ Q 1, i.e. sin φ Q ≈ 1 (which is the case in the far right region of Fig. 6 ), then the ratio y t /g 4 ≈ 0.7 is mainly due to a sizeable bulk mass M u . Numerically, we need R|M u | ≈ 0.3 − 0.5. Therefore we should use the full expression for Y U 3 , rather than just the leading term:
Dropping the cos 2 φ Q piece in Y Q 3 and setting sin φ Q = 1, we obtain the same expression for Y Q 3 and eventually m
As is evident from Fig. 6 , if y b is to remain finite, tan φ Q cannot become arbitrarily large. In any case, this limit requires very small y b . The constraints on |M d |R are rather weak, although smaller |M d |R is somewhat favoured in order not to get additional y b suppression. Hence
In the end we expect the squark masses-squared to lie somewhere in between these two extremes:
In order to obtain limits on A t , we can make the same case distinction:
• for tan φ Q ≈ 1 and small |M u |, we get
• for sin φ Q ≈ 1, we obtain
Numerically,
where 0.3 α 2, with α = 2 corresponding to the first of the above two cases (with R|M d | ≈ 1), and α = 0.3 to the second (with R|M u | = 0.5). Evidently A t can take a wide range of values, significantly departing from the simplified case of Section 6. In particular it can become large and negative, which will be of relevance in the next Section. A similar statement turns out to be true for A b , for which we find an analogous estimate with 0 α 1.4.
Results for realistic sfermion soft terms
Let us finally investigate to what extent the phenomenological features found in Section 6 remain valid when invoking realistic stop, sbottom and stau parameters derived from the Burdman-Nomura model. The six new parameters M u , M d , M n , M e , φ Q , φ L are subject to four constraints, since they are related to the Yukawa couplings according to Eqs. (40) and (41) . As detailed above we assume that M n is large enough not to affect the stau soft terms. This corresponds to a negligible neutrino Yukawa coupling, and we do not need to worry about lepton flavour violation [47] . The precise value of M n is irrelevant. (If M n did contribute to the stau soft terms, its main effect would be to increase m L 3 , thus rendering the staus heavier, but leaving the overall picture intact.) We are therefore left with five parameters, M u,d,e and φ Q,L , and three constraints from y t , y b and y τ .
We choose φ Q and φ L as the two independent new parameters and scan the parameter space as in Section 6, with the following modifications:
• We vary M 1/2 from 100 to 1000 GeV, φ Q from π/4 to π/2, and φ L from 0 to π/2.
For tan β, we consider three distinct values, tan β = 10, 20, and 30, in order to avoid excessive computing times.
• For each point, the bulk masses M u,d,e are computed from the GUT-scale gauge and Yukawa couplings g 4 , y t , y b , y τ by numerically inverting Eqs. (40) and (41) . They then serve as input in the kinetic functions Eqs. (37)- (39), and the analogous expressions for the leptons, from which the sfermion soft masses and A-terms are obtained according to Eqs. (25)- (27) . The soft terms of the first and second generation are again assumed to be zero at the GUT scale.
The result of this scan is shown in Figs. 7 and 8 for the two signs of µ. For better readability, we only show M 1/2 in steps of 200 GeV, although the scan had a much finer grid. Contrary to the case of simplified boundary conditions, now µ and H need to be of opposite sign. The reason is that now A t turns out to be negative at the GUT scale (cf. the discussion in Section 4).
It is interesting to see how the mixing angles φ Q and φ L influence the nature of the LSP. φ L determines the size of the stau parameters. Since it is constrained by the tau Yukawa coupling it can only vary over a sizable range if tan β is large. The reason is that A τ is generically large, leading to a charge-breaking minimum if m L 3 ,E 3 are too small. Thus for tan β ∼ 10, φ L is close to π/2 and the staus are rather heavy compared to the selectrons. For larger tan β (i.e. larger y τ ), φ L can be small and theτ 1 can become the LSP, corresponding to the green points in Figs. 7 and 8 . Note, however, that the stau LSP region is highly constrained by direct mass bounds and B-physics, and that a stable LSP is excluded by cosmology. φ L also has some effect on the selectron masses through RG evolution, but this is much less pronounced.
The angle φ Q , on the other hand, determines the size of the stop and sbottom parameters. Through RG evolution it also influences the slepton masses, in particular mẽ R : larger φ Q leads to a larger m D 3 , which in turn decreases mẽ R . In Figs. 7 and 8 one can see clearly that for increasing φ Q , theẽ R eventually becomes the LSP. This behaviour can be understood easily from the U(1) Y D-term contribution to the evolution of the scalar soft masses m
where Y i is the weak hypercharge and
with the trace running over generations. Since S is an RG invariant, it simply causes a shift of the low-scale masses by ∆m [49] with respect to the values they would have had for S ≡ 0. Here S GUT is the value of S at M GUT . For simplified boundary conditions, we had
. With Y e R = 1 and Y e L = −1/2, making S GUT less negative obviously lowers mẽ R and increases mẽ L (note also that the effect for the left-chiral state is only half the size of that for the right-chiral one). Moreover, comparing mẽ R ≈ (0.39 M 1/2 ) 2 −0.052 S GUT to mχ0 1 ≈ 0.43 M 1/2 , we understand why theẽ R eventually becomes the LSP.
The projections onto the underlying model parameters F T /2R, F ϕ and c are shown in Fig. 9 . Since here we need sign(µ) = − H to obtain a valid spectrum, F ϕ now turns out to be small and can even be zero. Contributions to the soft terms from anomaly mediation are therefore completely negligible. Moreover, we find a somewhat smaller range for the c parameter, roughly 0.5 c 1.2, as compared to 0.5 c 3 for simplified boundary conditions. The important point, however, is that c remains non-zero. We conclude that the Chern-Simons term is indeed essential to achieve correct EWSB.
Let us now turn to the implications for collider phenomenology. We again focus on the neutralino LSP region. The mass spectrum in this region, taking into account the constraints from LEP and from B-physics, is depicted in Fig. 10 . As one can see, there is a definite mass ordering mχ±
. Theτ 2 turns out to be heavier than theχ 0 2 , while theτ 1 can be lighter than theχ 0 2 , and for small φ L also lighter than the selectrons, cf. the above discussion of the mixing-angle dependence. This gives a picture that is qualitatively similar to the simplified case discussed in Section 6; the main difference lies in the masses and mass ratios of the sleptons. For the squarks, this effect of non-universality -on the one hand the splitting of the third generation from the first and second generations due to non-zero m
, on the other hand the splitting of leftand right-chiral states due to non-zero S -is much less pronounced, because the running of the squark mass parameters is mainly driven by M 3 . The squark and gluino masses are hence again about mq ≈ mg ≈ (1.7 − 2.5)M 1/2 . The masses of the higgsino-like neutralinos and chargino are given by |µ| and lie above mg.
It is also remarkable that now the neutralino relic density can vary over a large range, because of the extra parameters φ Q and φ L . This is illustrated in Fig. 11 for the example of M 1/2 = 500 GeV and two values of tan β for each sign of µ. For µ > 0, we take tan β = 10 and 30; for µ < 0, we take tan β = 10 and 20 since higher values are too tightly constrained. The figure compares the neutralino relic density Ωh 2 , as a function of φ Q and φ L , with the WMAP5 observation at 3σ. In the orange regions Ωh 2 is too low, which would require other constituents of dark matter in addition to the neutralino. In the brown regions, on the other hand, Ωh 2 is too high (at least within standard cosmology; it could be viable if there was, e.g., additional entropy production after freeze-out). The minimal and maximal values found are Ωh 2 6 × 10 −3 and 0.9, respectively. In the red band in between, however, 0.0913 ≤ Ωh 2 ≤ 0.1285 agrees within 3σ with the value measured by WMAP5. The reason is that here the mass difference between the LSP and NLSP (or co-NLSPs) is just right to make co-annihilation processes efficient enough, but not too efficient, to obtain Ωh 2 0.1. To be precise, in the red bands of Fig. 11 we typically have ∆m = mẽ R − mχ0 1 7 − 10 GeV. An exception is µ > 0, tan β = 30 and small φ L , where theτ 1 becomes light and also contributes to co-annihilations, such that ∆m ≈ 20 GeV is needed; this leads to the red band bending down towards lower φ Q . Sample spectra of five representative points, indicated as points A-E in Fig. 11 , are given in Tables 1 and 2.  Table 1 gives GUT and EWSB scale parameters, and Table 2 lists the resulting masses together with B-physics observables, the neutralino relic density and the neutralino-proton scattering cross section for direct detection. The possibility to tune the NLSP-LSP mass difference by adjusting φ Q and φ L and to obtain the correct relic density persists also for other values of M 1/2 .
To summarize, the expected LHC phenomenology is as follows:
• Squarks and gluinos with masses up to about 2 TeV will be abundantly produced at the LHC, both asqq orgg pairs, and inqg associated production. They decay as
1 is always open and has a sizable branching ratio (∼45% for points A-D, 35% for point E). This leads to a rather large rate for the gold- 
plated SFOS dilepton signature. In parts of the parameter space, alsoχ
1 can be kinematically allowed; c.f. point E, where it has 22% branching ratio. Decays into Z, h, orẽ R are negligible because theχ 0 2 is almost a pure wino.
• The decay of theχ ± 1 always leads to a charged lepton,χ 1 on the other side of the event, it leads to the rather clean trilepton signature (plus jets plus E miss T ).
• The higgsino statesχ 0 3,4 andχ ± 2 have masses around or above the gluino mass and are hence too heavy to be studied at the LHC.
Overall the scenario resembles the mSUGRA/CMSSM case with small m 0 , or the case of Higgs boson exempt no-scale supersymmetry (HENS) [49] . An important difference are the sizeable third-generation high-scale soft terms which our construction predicts. Ways to distinguish between the different models include, e.g., the rate of leptonic events, which is expected to be higher in our scenario as compared to the mSUGRA case with the same M 1/2 . Other distinctive features are the ratios of left-and right-chiral slepton masses and the non-universality of the third generation.
13 Note, however, that theẽ R does not couple to the wino-likeχ 0 2 andχ ± 1 and hence does not appear in decay chains at the LHC. Thẽ e R is therefore best studied in e + e − collisions, as are the staus if they are too heavy to be produced inχ 0 2 decays. Last but not least, a decisive test of GHU requires the precise measurement of the complete spectrum, including stops, sbottoms, heavy Higgs bosons and higgsinos, such that the SUSY Lagrangian parameters can be extracted and a bottom-up evolution along Figure 11 : Dependence of the neutralino relic density on the mixing angles φ Q and φ L , for M 1/2 = 500 GeV and various values of tan β. In the red bands, Ωh 2 lies within 3σ of the WMAP5 observation, 0.0913 < Ωh 2 < 0.1285. In the orange regions, Ωh 2 < 0.0913 is too low, while in the brown regions Ωh 2 > 0.1285 is too high. Also indicated are the sample points A-E. the lines of [50] performed. This can only be achieved at a (multi-)TeV e + e − linear collider with a very good beam performance.
Conclusions
We have investigated SUSY grand unified models with gauge-Higgs unification (GHU). A particularly interesting class of such models are 5d orbifold GUTs and heterotic string models which admit a 5d orbifold GUT limit. With the natural assumption of radion mediation, GHU models are quite predictive as far as the Higgs sector is concerned. The GUT-scale Higgs mass parameters are subject to the GHU relations, and are also tied to the gaugino mass. Despite these strong constraints, models of this type can be fully realistic, as we have shown. If the effects of a Chern-Simons term (which is generically present in 5d models) are taken into account, one finds regions in the parameter space which lead to proper electroweak symmetry breaking and satisfy the experimental bounds from direct Higgs and superpartner searches, rare decays and cosmology. We demonstrated this by using a variation of a 5d SU(6) orbifold GUT model due to Burdman and Nomura as a concrete example. We gave detailed expressions for the soft SUSY breaking parameters in terms of the fundamental model data, including the Chern-Simons term.
Using the high-scale relations between soft terms and estimates of running effects, we discussed qualitatively which parts of the parameter space might be promising. We then presented a detailed numerical analysis of the corresponding RGEs. This analysis was done in two parts, the first for a simplified model of the sfermion sector, and the second treating the relevant sfermion contributions properly as in the Burdman-Nomura model. The latter part of the analysis, while more realistic, is more involved because it depends on more parameters. In both cases we indeed find viable solutions to the RGEs, satisfying all present experimental constraints. A non-zero Chern-Simons term is essential to get a valid spectrum.
We extracted some characteristic experimental signatures of this class of models, which will be tested at the LHC. In particular, selectrons are generically predicted to be lighter than theχ 0 2 , leading to a rather large rate for same-flavour opposite-sign dileptons over the whole parameter space. Higgsinos, on the other hand, are expected to be heavy, presumably beyond the reach of the LHC. Characteristic mass ratios could be tested in detail at a future e + e − linear collider.
The LHC will have the potential to narrow down the allowed region in the parameter space of GHU models significantly, or to rule them out. This applies even more to a future linear collider. It would be worthwhile to study in detail how well the scenario discussed here could be reconstructed at the LHC and a linear e + e − collider, thereby testing the GHU relation. To this end we proposed a set of benchmark points which may be useful for Monte Carlo simulations. 
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−2969 2560 −3429 −3467 Table 2 : Masses (in GeV), B-physics observables, relic density and spin-independent neutralino-proton scattering cross section for points A-E.
